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The ability to make judgments about the stimulus at one ear when a stimulus is simultaneously
presented to the other ear was tested. Specifically, subjects discriminated the level of a 600 Hz target
tone presented at the left ear while an identical-frequency distractor was simultaneously presented
at the other ear. When there was no distractor, threshold was 0.7 dB. Threshold increased to 1.1 dB
when a distractor with a fixed phase and level was introduced contra-aurally to the target. Further
increases in threshold were observed when an across-presentation variability was introduced into the
distractor phase (threshold of 1.6 dB) or level (threshold of 5.8 dB). When both the distractor level
and phase varied, the largest threshold of 7.3 dB was obtained. These increases in threshold cannot
be predicted by common binaural models, which assume that a target stimulus at one ear can be
processed without interference from the stimulus at the nontarget ear. The measured thresholds are
consistent with a model that utilizes two binaural dimensions that roughly correspond to the
loudness and the position of a fused binaural image. The results show that, with binaurally fused

)

tonal stimuli, subjects are unable to listen to one ear. © 2008 Acoustical Society of America.

[DOL: 10.1121/1.2912828]

PACS number(s): 43.66.Pn, 43.66.Ba, 43.66.Fe, 43.66.Rq [AK]

I. INTRODUCTION

Most models of binaural processing assume that one can
voluntarily listen to the signal at one ear (right or left) even
when the acoustic stimulus is binaural. More specifically, in
the most frequently used models of binaural hearing [see the
review by Colburn and Durlach (1978)], it is assumed that
the input from each ear bifurcates into two pathways. One of
these pathways proceeds to a network in which binaural in-
teraction occurs and the other proceeds up the auditory sys-
tem independent of the stimulus to the opposite ear (usually
referred to as a monaural channel). Furthermore, these mod-
els assume that the listener is able to combine the informa-
tion from these channels (e.g., switch between monaural and
binaural listening). One consequence of these assumptions is
that it should be impossible to degrade the performance of a
task, where correct responses are completely determined by
the stimulus at a single ear, by introducing signals into the
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other ear. In other words, there should be no “cross mask-
ing,” or “contralateral masking,” or “binaural disadvantage,”
or, using the term we prefer, “contra-aural interference.”

In this study, the ability to access the monaural channel
is measured by having subjects discriminate the level of a
target tone presented at one ear while an identical-frequency
distractor tone is simultaneously presented at the other ear.
The objective task is based on the level of the stimulus at a
single ear even though the natural perception of a binaural
tone is a fused percept with a prominent loudness and posi-
tion that are influenced by the stimuli at both ears. In addi-
tion to this dominant perception, however, there are also
“secondary” percepts such as the image width or additional
images (e.g., Hafter and Jeffress, 1968; Ruotolo et al., 1979;
Hartman and Constan, 2002). Even if there is no percept that
corresponds to a monaural channel, the complexity of the
binaural percepts makes modeling of the auditory system as
having both monaural and binaural channels seem reasonable
since the binaural percepts could provide information
equivalent to that carried by the postulated monaural chan-
nels. Although data that are consistent with an accessible
monaural channel (e.g., almost all of the data on the masking
of tones by noise) certainly exist, it is by no means always
the case.
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There have been experiments of several types that have
illustrated contra-aural interference, most of which involved
broadband stimuli. For example, in studies of informational
masking (e.g., Brungart and Simpson, 2002; Kidd et al.,
2003), monaural speech intelligibility was reduced by adding
a speech masker to the other ear. In a precedence-effect ex-
periment, Zurek (1979) demonstrated that detection of a lag-
ging sound could be better under diotic conditions than under
dichotic conditions; this experiment, together with the usual
observation that diotic performance is the same as monotic
performance, suggests that the dichotic case is generating
contra-aural interference. In discrimination experiments,
Bernstein and Oxenham (2003) showed that the ability to
discriminate changes in the fundamental frequency of a har-
monic tone complex was reduced under dichotic conditions,
and Heller and Trahiotis (1995) reported that subjects could
discriminate different noise tokens under monotic conditions,
but that the subjects were unable to discriminate the tokens
under some dichotic conditions. These studies interpreted the
measured (contra-aural) interference by using the concepts of
the central spectrum (Bilsen, 1977; Bilsen and Raatgever,
2000) and nonoptimal across-frequency processing.

Other cases of contra-aural interference cannot be easily
interpreted with the concepts of the central spectrum and
nonoptimal across-frequency processing. In particular,
contra-aural interference has been reported in both masked
(Taylor and Clarke, 1971; Taylor et al., 1971a; Taylor et al.,
1971b; Yost er al., 1972; Koehnke and Besing, 1992) and
absolute (Zwislocki, 1972; Mills et al., 1996) detection ex-
periments. Small amounts of contra-aural interference have
also been demonstrated in experiments in which subjects dis-
criminate the level of a target tone, which is presented at one
ear, in the presence of a simultaneously presented contra-
aural distractor tone, with the same frequency and duration
as the target (Rowland and Tobias, 1967; Yost, 1972; Bern-
stein, 2004). These level discrimination experiments were
primarily investigations of binaural, specifically interaural
level difference (ILD), processing. For some of these binau-
ral conditions, when one headphone was removed (as was
done in the monotic control conditions included in these
studies), performance improved; it is these conditions that
lead us to describe these experiments as showing contra-
aural interference.

Although inconsistent with reports of contra-aural inter-
ference, the conceptualization and modeling of the auditory
system including both monaural and binaural processing
channels persist. One rationale for the inconsistency, which
was suggested by Durlach and Colburn (1978), is that the
“monaural channels” are difficult to access in some circum-
stances, particularly when the percepts are complicated. In
these cases, one might expect that the paradigm, training,
feedback, and instructions are important. In fact, the results
of experiments in which secondary binaural cues are impor-
tant can be heavily dependent on the experimental procedure
(Hafter and Jeffress, 1968; Hafter and Carrier, 1970; Trahi-
otis, 1992). Therefore, tasks that use these secondary binau-
ral cues to access the output of monaural processing channels
might also be dependent on the experimental procedure.
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Here, a number of steps were taken in an attempt to
optimize the subjects’ abilities to access possible monaural
channel listening when discriminating the level of a target
tone that was presented at one ear. The task was objectively
defined with correct-answer feedback based on the level of
the target. Subjects were instructed to optimize performance
by using the correct-answer feedback to prevent the introduc-
tion of potential biases that might arise from the experiment-
er’s description of useful percepts. A four-interval (two-cue),
two-alternative forced-choice experimental paradigm was se-
lected as it is particularly easy for subjects in complicated
situations (Trahiotis, 1992). An adaptive paradigm, which is
initiated with a difference between the two target levels that
was large enough for consistently good performance, was
used so that subjects would be able to experience a variety of
possible subjective cues. Finally, performance was measured
under a number of different dichotic conditions, with the
monotic (monaural) condition as a reference, in which poten-
tial cues were systematically eliminated.

In a series of stimulus conditions specified at the nontar-
get ear, we systematically manipulated the amount of vari-
ability in the distractor level and phase to eliminate the reli-
ability of the dominant binaural perceptions (loudness and
position) for judgments about the level of the target. The
most extreme condition was chosen, such that a model based
on loudness and lateral position would predict substantial
contra-aural interference, and thus, if little contra-aural inter-
ference was measured, this would provide evidence for the
“monaural processing channels” described above and as-
sumed in most binaural models. A number of intermediate
conditions were also evaluated, such that if there was sub-
stantial contra-aural interference, one could determine
whether performance is consistent with optimal use of only
the outputs of the binaural processing channels. In the mod-
eling portion of this work, we present predictions based on a
model in which the decision device only has access to bin-
aural processing channels that provide estimates of the lateral
position and overall loudness.

The model is a two-dimensional decision-theoretic
model with decision variables based on the overall loudness
and lateral position. This model, like the experiment reported
here, does not include variations over the frequency or the
time dimensions of the stimulus; it is limited to a fused,
stationary stimulus. When the distractor level and phase are
fixed from interval to interval, both the loudness and lateral
position are reliable cues for discriminating the level of the
target. When the phase of the distractor is random from in-
terval to interval, the reliability of the lateral position for
discriminating the target is greatly reduced. When the level
of the distractor is randomized, the reliabilities of both the
loudness and the lateral position are reduced; however, the
loudness and lateral position together still specify the target
level. When the level and phase of the distractor are inde-
pendently randomized, neither the loudness nor the lateral
position nor their combination is adequate to specify the tar-
get level.

The rest of this document is organized as follows. Sec-
tion II presents the experimental methods and explains the
data analysis procedures. In Sec. III, models based on loud-

Shub et al.: Monaural level discrimination under dichotic conditions



TABLE 1. Distractor properties in the five conditions. In all of the condi-
tions, the target has a frequency of 600 Hz, a duration of 300 ms, a phase of
zero, and a reference level of 50 dB SPL. The distractor was simultaneously
presented but contra-aurally to the target. Roving of the level and phase of
the distractor was done on an interval-by-interval basis with values chosen
from uniform distributions.

Frequency Duration Phase Level
(Hz) (ms) (rad) (dB SPL)
No distractor
Fixed 600 300 0 50
T
Roving phase 600 300 Uniform (_E’E) 50
Roving level 600 300 0 Uniform (50,80)

Double rove 600 300 Uniform (—g;—-r) Uniform (50,80)

ness and position decision variables are described and related
to similar models in the literature. In Sec. IV, the psycho-
physical results are presented, along with the predictions of
the models. The discussion in Sec. V includes comparisons
between data and model predictions and explores the possi-
bility that monaural processing channels exist. Finally, Sec.
VI gives some concluding remarks.

Il. EXPERIMENTAL METHODS
A. Subjects

Four subjects (S1-S4) completed the tasks. Subject S1 is
the first author. With the exception of S1, subjects received
an hourly wage for their participation. All subjects had pure
tone thresholds below 20 dB HL at frequencies of 250, 500,
1000, 2000, 4000, and 8000 Hz in both ears. The subjects
were between 19 and 31 years old. Subjects S1 and S2 had
prior listening experience in similar tasks, while subjects S3
and S4 had no prior experience in psychoacoustic experi-
ments.

B. Stimulus and procedures

The experimental task was designed to test the ability of
subjects to discriminate the level of a 600 Hz target tone at
the left ear in the presence of a 600 Hz distractor tone simul-
taneously presented at the right ear. A four-interval, two-
alternative, forced-choice (4I-2AFC), adaptive paradigm was
used and correct-answer feedback was given on every trial.
Five different conditions were explored: the no-distractor
condition and four conditions that differed in the presence/
absence of interval-to-interval variation in the distractor
phase and level. The four distractor conditions were fixed
distractor, roving-phase distractor, roving-level distractor,
and double-rove distractor (with both level and phase varia-
tion). Table I lists the properties of the distractor used in each
condition.

The target and distractor tones had 300 ms durations and
25 ms rise/fall times, were simultaneously gated on and off,
and had 500 ms of quiet between intervals. The target was
presented at either the reference level of 50 dB SPL or the

J. Acoust. Soc. Am., Vol. 123, No. 6, June 2008

Shub et al.: Monaural level discrimination under dichotic conditions

reference level plus an increment AL (in decibels). Tone
phases were defined relative to the onset of the stimulus
ramp; the target phase was always zero and the distractor
phase was specified relative to this zero-phase target. When
the distractor level was fixed, it was held at 50 dB SPL (the
reference level of the target). When the level was roved
(roving-level and double-rove conditions), the level of the
distractor was randomly chosen on an interval-by-interval
basis from a uniform distribution between 50 and 80 dB
SPL. When the distractor phase was fixed, it was held at zero
phase, and when it was roved (roving-phase and double-rove
conditions), the phase of the distractor uniformly roved be-
tween * /2 on an interval-by-interval basis.

In the 4I-2AFC paradigm used here (Bernstein and Tra-
hiotis, 1982), listeners must distinguish the patterns ABAA
from AABA, where A and B are defined by the level of the
tone at the left ear (i.e., the target). Stimuli labeled A have
the reference level at the left ear and stimuli labeled B have
the level at the left ear incremented by AL. Subjects were
informed about the two temporal patterns and instructed to
maximize the percent correct by utilizing the trial-by-trial
feedback. We did not explicitly tell the subjects to respond
according to whether the level of the tone at the left ear was
relatively higher on the second or third interval (even though
such instructions would have been consistent with the objec-
tive task and with the feedback provided) because we
thought it was better to avoid restricting the subjects’ atten-
tion to specific subjective cues. In our pilot experiments,
when subjects tried to focus their attention directly on the
loudness at the left ear rather than on the loudness and lat-
eralization of the fused image (and on how these subjective
cues related to the feedback), they performed much worse.
When considering the instructions used, it is also worth not-
ing that subjects who knew that the key to the feedback was
the level at the left ear (e.g., the first author who served as
subject S1 as well as subject S2) and subjects who knew only
that they should respond in a manner that, according to the
feedback, led to a correct answer (subjects S3 and S4), pro-
duced roughly comparable data after the initial training pe-
riod was completed.

A two-down one-up adaptive procedure, which was
modeled after Levitt (1971), estimated the minimum change
in the target level required to achieve a probability of a cor-
rect response of 0.7 in this paradigm. Each adaptive run con-
sisted of 16 reversals and began with a random (large) initial
value of AL (uniformly chosen between 15 and 25 dB). Ac-
cording to the two-down one-up adaptive rule, AL was ini-
tially adjusted by multiplying/dividing its current value in
decibels by a scale factor of 1.8. After two reversals oc-
curred, the increment was adjusted by multiplying/dividing
by a scale factor of 1.4. The magnitude of the scale factor
was further reduced when the fourth, sixth, and eighth rever-
sals occurred to values of 1.2, 1.1, and 1.05, respectively.
After the eighth reversal, the scale factor remained at 1.05
for eight additional reversals, at which point the adaptive run
was concluded. The adaptive trials were self-paced and the
subjects had an unlimited time to respond. The subjects re-
ceived correct-answer feedback after every trial.
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During each testing session, subjects completed four
adaptive runs for each of the five different conditions. The
ordering in which the conditions were presented was the
same for each session: no distractor, fixed, roving phase, rov-
ing level, and double rove. Since the perceptual cues for each
condition may have been different, subjects were alerted to
the condition by using a unique letter for each condition. For
each subject, data from the four adaptive runs for each dis-
tractor condition were collected in succession. The blocking
of the adaptive runs in this manner was done to allow the
subjects to refamiliarize themselves with the relevant percep-
tual cues. Subjects were given a minimum of 10 h of training
before the reported data were collected. Post hoc analyses
suggest that asymptotic performance was obtained early in
the training period and that alerting the subjects to the con-
dition before the block of runs began was sufficient to obtain
the asymptotic performance. Further, in pilot listening, pro-
longed experience with the double-rove condition did not
improve performance. For each condition, the reported re-
sults are based on 16 post-training adaptive runs.

C. Apparatus and materials

During the experiment, subjects sat in a sound treated
room in front of a computer monitor. They responded “inter-
val 2” or “interval 3” through a graphical interface via a
computer mouse. On each trial, “lights” on a liquid crystal
display monitor displayed the current interval number. The
experiment was self-paced and listening sessions lasted for
no more than 2 h with frequent rest breaks. A PC and
Tucker-Davis Technology System II hardware (AP2, PDI,
PA4, and HB6) generated the experimental stimuli at a sam-
pling rate of 50 kHz. Stimuli were presented over Sennheiser
HD 265 headphones.

D. Data analysis

Level discrimination thresholds have been reported in
many forms and the analysis reported here follows the rec-
ommendations of Buus and Florentine (1991). In accordance
with their recommendations, the performance metric used is
AL, which is the decibel change of the target level. Also in
accordance with the conclusions of Buus and Florentine
(1991), the value AL is displayed on a logarithmic scale. The
analysis and statistics are therefore based on the logarithm of
AL. For example, the threshold was estimated from the geo-
metric mean of the reversals of the adaptive runs and when
averaging thresholds across conditions, the geometric mean
was used. The results were also analyzed by considering AL
on a linear display (i.e., using the arithmetic mean) and both
analyses lead to similar conclusions.

The data from the experiment are reported in two ways.
First, level discrimination thresholds were determined from
the geometric mean of the values of AL that occurred on the
last eight reversals of each adaptive run. Second, psychomet-
ric functions were fitted to the data from all the trials of the
adaptive runs. The binary data for single trials (correct or
incorrect) were used in fitting the psychometric functions
instead of estimates of the probability of a correct response
for each value of AL based on multiple trials since only a
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few trials were conducted with each value of AL. Even
though there were hundreds of trials per condition, the ex-
perimental paradigm resulted in a large number of different
values of AL being used; the adaptive runs began with a
random initial value of AL and on each trial, AL was ad-
justed using the above-mentioned adaptive rule.

In accordance with Buus and Florentine (1991), d’ is
assumed to be proportional to AL. Converting the correct/
incorrect data into d’ is problematic since there are many
values of AL for which there were only a small number of
trials that the subjects got all correct, leading to a d’ of
infinity. By assuming that (1) d’ is proportional to AL, (2)
the observer is unbiased (which is reasonable in a 4I-2AFC
task), and (3) performance is limited by Gaussian noise, one
can relate d’ to the probability of a correct response. Specifi-
cally, with these assumptions, the probability of a correct
response depends on AL and can be expressed as

1 AL 22
Pcorrec (AL) = e 2 dx’ (1)
‘ \/2770'2 —o0

where o is a fitting parameter and is related to the propor-
tionality between d’ and AL. Note that Eq. (1) implies that
when AL is equal to zero (corresponding to no change in the
target level) the probability of a correct response is 0.5, as is
expected, and that o is the only fitting parameter. When fit-
ting psychometric functions to the subject data, the param-
eter o was adjusted to minimize the root-mean-squared (rms)
error between the predicted percent correct and all of the data
for a given subject and condition (collapsed over adaptive
runs).

For each subject and condition, analysis of the fitted
psychometric function is based on the parameter ¢ and the
rms error statistics. Confidence intervals for both o and the
rms error were calculated by randomly drawing, with re-
placement, the results of N trials (where N is the total num-
ber of trials for a given subject and condition) and fitting a
psychometric function to these sampled data. For each sub-
ject and condition, 1000 random drawings were made. An
additional estimate of the threshold is obtained by substitut-
ing the appropriate value of o into Eq. (1) and then solving
for the AL that yields a probability of a correct response of
0.7. These estimates of the threshold based on the psycho-
metric functions agree with the measurements of the thresh-
old based on the reversals of the adaptive runs and are not
explicitly presented.

lll. MODELING

The dominant perception of the stimulus when the target
and distractor are present is a fused binaural image with a
salient loudness and lateral position. It is unclear whether the
subjects have access to the level of the monaural target
through secondary cues, which are cues that are not neces-
sarily direct perceptions of the stimulus at a single ear but
that provide sufficient information to reconstruct the stimulus
at a single ear. Our modeling is intended to provide evidence
in regard to the existence (or absence) of the monaural pro-
cessing channels that appear in most binaural models. A
model that includes monaural processing channels would not
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predict an effect of a contra-aural distractor, and the predic-
tions of our experiments are trivial for that case. Instead, we
investigate a model in which there are no separate monaural
channels. Specifically, we consider a detection theoretic
model based on a two-dimensional decision space that
roughly corresponds to the loudness and lateral position of
the fused binaural image. Other perceptual variables, such as
the image width, are not included nor are temporal charac-
teristics that would be expected to be important in some
experiments (especially in studies of binaural masking level
differences), such as distributions of interaural differences or
lateral positions over time.

The two dimensions of the model denoted A and ® are
functions of the level at the left ear, L. (in decibels), the
level of the right ear, Ly (in decibels), the interaural time
difference, T (in microseconds), and two internal noises N
and Ng (both in decibels). The dimensions A and © are
defined as

A =10 log, (1054t 10 4 10Lrgnd10) 4 N7 ()
and
®=Llefl_Lrighl+kT+N®’ (3)

where k is the intensity-time trading ratio in dB/ us, which is
related to the time-intensity trading ratios used by Hafter
(1971) and Yost (1972). To aid comparisons between A and
O, we have defined ® in decibels even though it can be
logically expressed in a number of other ways (e.g., interau-
ral time difference or a dimensionless quantity related to a
location along the interaural axis). Note that, under monotic
conditions (i.e., either Liq or Ly is equal to negative infin-
ity), © is equal to either positive or negative infinity and
indicates an extreme position toward the stimulated ear.

Models based on position variables such as ® have been
used to predict the results of many binaural experiments
(Hafter, 1971; Yost, 1972). Although models based on posi-
tion variables have a strong predictive power for some types
of experiments, they are insufficient to predict all binaural
effects. Importantly, Bernstein (2004) reported that subjects
could outperform an ideal observer of ® when discriminat-
ing the ILD of tones with a random interaural time difference
(ITD). The discrepancy between Bernstein’s (2004) measure-
ments of ILD discrimination and predictions of a simple po-
sition variable may be overcome by a variety of modifica-
tions, as discussed by Stern and Trahiotis (1997) in their
review of position variable models, such as the image width
or a comparison of separate monaural levels [as in the level
meter model of Hartmann and Constan (2002)]. In this study,
we consider predictions for monaural level discrimination
based on the use of the overall (binaural) level A and the
unmodified position variable @ [as defined in Egs. (2) and
©)

Models based on the A dimension (the overall binaural
level) have been evaluated as an aspect of central spectrum
models (Bilsen, 1977; Bilsen and Raatgever, 2000). These
studies of the central spectrum have focused on issues con-
cerning across-frequency integration. Binaural loudness has
been studied in a variety of ways (e.g., Zwicker and Zwicker,
1991; Sivonen and Ellermeier, 2006; Whilby et al., 2006).
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FIG. 1. Mean thresholds for the four subjects under the five different con-
ditions. Error bars are two times the standard error of the mean. Note that
the standard deviations are twice as large as two times the standard error of
the mean based on 16 runs. The thresholds of the ideal observer of A and ©®,
both alone and together, are also shown. In the no-distractor condition, the
ideal observer of ® never obtains threshold performance.

Sivonen and Ellermeier (2006) concluded that power sum-
mation (i.e., A) predicted binaural loudness best. Under
monotic conditions, A mathematically reduces to the monau-
ral level and models based on a monaural level detector have
been explored for many monotic and diotic tasks.

Three models are explicitly considered here: the maxi-
mum likelihood observers of A alone, ® alone, and A and ©®
together. The dimensions A and © are specified with internal
noises N, and Ng, which are assumed to be zero-mean
Gaussian random variables that are statistically independent
across the dimensions, the observation intervals, and the tri-
als. With these assumptions, there are three parameters, k,
o, and og, which correspond to the intensity-time trading
ratio and the standard deviations of the two internal noises.
In order to predict generally accepted values for the just no-
ticeable differences in the overall level, ILD, and ITD (cf.
Viemeister 1988; Blauert, 1997), the intensity-time trading
ratio k is fixed at 1 dB per 20 us, and the standard deviations
of the internal noises (o, and og) are fixed at 0.5 dB
throughout all the modeling. The performance of these three
ideal observers in a 4I-2AFC task is derived in Appendix A.

IV. RESULTS
A. Psychophysical results

Figure 1 contains the geometric mean of the thresholds
(calculated from the reversals of the adaptive runs) of the
four subjects for each of the five different conditions. A re-
peated measure analysis of variance test found statistically
significant effects of distractor condition and subject and a
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statistically significant interaction between distractor condi-
tion and subject (p<<0.02). The measured thresholds vary
with the type of distractor and subject. Multiple planned
paired ¢ tests were used to test for statistically significant
differences between conditions (all combinations). There are
statistically significant differences (p <0.05) in performance
between all pairs of conditions except between the roving-
level and double-rove conditions (p=0.09). Performance in
the no-distractor condition was the best with an average
(across-subject geometric-mean) threshold value of AL of
0.7 dB. Performances with the roving-level and double-rove
distractors were the worst with average thresholds of 5.8 and
7.3 dB, respectively. The fixed and roving-phase distractors
showed small detrimental effects on performance, with aver-
age thresholds of 1.1 and 1.6 dB, respectively. Displaying
the threshold value of AL (a decibel value) on a logarithmic
scale, as opposed to a linear scale, expands the differences
between the no-distractor condition and the fixed and roving-
phase distractor conditions and compresses the differences
between the no-distractor condition and the roving-level and
double-rove distractor conditions. The subjects are clearly
not basing their decisions on the level at the target ear; in
other words, they are not “listening to one ear” since the
addition of a distractor at the nontarget ear decreases perfor-
mance.

Figure 2 shows example psychometric functions for a
representative subject (S2) for all five conditions. The psy-
chometric functions take into account all trials, whereas the
threshold measurements take into account only trials at
which reversals in performance occurred. Since the data
were collected using an adaptive paradigm, most trials had
values of AL near threshold. Traditionally, psychometric
functions are not constructed from data collected with adap-
tive paradigms. We wished, however, to determine the extent
to which performance was monotonic in AL. Visually, the
data appear monotonic and generally consistent with the sig-
moid function of Eq. (1). The values of o (the single fit
parameter for the psychometric function) that best fit the data
are presented in the top panel of Fig. 3. Consistent with the
threshold data presented in Fig. 1, the value of ¢ that best fits
the data systematically varies across the conditions. Paired ¢
tests show no statistically significant differences (p>0.05) in
the values of o among the no-distractor, fixed, and roving-
phase conditions nor are there statistically significant differ-
ences between the roving-level and double-rove conditions
(p>0.05). The differences in the values of ¢ for the no-
distractor, fixed, and roving-phase conditions and for the
roving-level or double-rove conditions, however, are statisti-
cally significant (p <0.025).

In addition to the changes in o, there are also changes in
the rms error between the fitted psychometric function and
the data. The bottom panel of Fig. 3 shows the rms error. The
rms error and the visual agreement between the fitted psy-
chometric functions and the data are similar for all of the
subjects. Paired ¢ tests show no statistically significant differ-
ences (p>0.05) in the rms error for the no-distractor, fixed,
and roving-phase conditions nor for the roving-level and
double-rove conditions. The differences in the rms error for
the no-distractor, fixed, and roving-phase conditions and for
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FIG. 2. Examples of the dependence of the probability of a correct response
on the target increment for subject S2 for the five different conditions.
Panels (A)—(E) correspond to the no-distractor, fixed, roving-phase, roving-
level, and double-rove conditions, respectively. The data have been binned
according to AL, and the size of the symbol is proportional to the number of
trials that occurred within the bin. The best fitting psychometric functions by
using the single parameter function in Eq. (1) are also shown for each
condition.

the roving-level and double-rove conditions, however, are
statistically significant (p <0.025). These changes in the rms
error are indicative of a change in how well the fitted psy-
chometric functions fit the data.

B. Decision variable distributions

In order to understand the information about the level of
the target, which is carried by the two decision variables A
and O, their probability densities for a given Ly, are ex-
amined. We consider the joint density of A and O (f, g| Ltarget)
as well as the densities of A (fAle el) and O (fo i
isolation. The manner in which these probability densities
were computed is described in Appendix B. For simplicity,
we define L,q as being equal to the reference level L plus
an increment AL and plot the density functions for five dif-
ferent values of AL (0, 2, 4, 8, and 16 dB), such that, for the
unincremented target, AL is equal to zero.

Figure 4 shows f AL oot for the five different conditions.
Since the distractor phase has no effect on A, fA|Ltargel’
identical in the fixed and roving-phase conditions as well as

Shub et al.: Monaural level discrimination under dichotic conditions
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FIG. 3. Fit parameter o (top panel) and the RMS error (bottom panel) for
the psychometric functions that were fitted to the data of the four subjects
under the five different conditions. Error bars are the 95% confidence inter-
vals derived by resampling the data. When the error bars are absent, the
confidence interval is on the order of the size of the symbol.

in the roving-level and double-rove conditions. In the no-
distractor, fixed, and roving-phase conditions f| Liyroer
Gaussian with standard deviation o, and a mean that de-
pends on AL. The mean in the fixed and roving-phase con-
ditions is higher than in the no-distractor condition due to the
additional distractor energy; the effect of this additional en-
ergy decreases with increasing AL since A is calculated by
adding the intensities (units of power per area) and not the
decibel levels. In the roving-level and double-rove condi-
tions, the random distractor level affects A, and therefore,
f AlL oo is much broader. In these two conditions, changes to
AL affect both the mean and the shape.

Figure 5 shows f@‘ngel in four of the conditions (the
no-distractor condition is not included since ® is undefined).
Changes to AL again affect the mean in all conditions but do
not affect the shape of f@|ngel in any condition. In the fixed
condition, fg Lt is Gaussian (with standard deviation og).
In the roving-phase and roving-level conditions, ® depends
on both the internal noise and a uniformly distributed ran-
dom variable (either the distractor phase or level) and fg Ligsger
is nearly uniform over a large range. In the double-rove con-
dition, ® is the sum of two uniformly distributed random
variables (the distractor level and phase) and the internal
noise and f@umget is nearly trapezoidal in shape.

Figure 6 shows the region for which f g Lo is greater
than 0.0001 for the roving-level and double-rove conditions,
respectively. In the roving-level condition, the probability of
O conditioned on A is narrow, and changes in AL substan-
tially shift the distribution, making monaural level discrimi-
nation possible for the ideal observer (i.e., the distributions
for the unincremented and incremented targets do not sub-
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FIG. 4. Probability distributions of the overall level variable A. Panels
(A)—(E) correspond to the no-distractor, fixed, roving-phase, roving-level,
and double-rove conditions, respectively. Note that each panel plots the
density function of A as a function of its argument N\ for the target level
Liyge €qual to the reference level Ly plus the monaural level increment AL.
Specifically, fy., . is plotted for five values of AL:0 dB (thick solid), 2 dB
(dot dash), 4 dB (thin solid), 8 dB (dashed), and 16 dB (dotted).

stantially overlap). However, the complexity of the distribu-
tions may lead a nonoptimal observer to have a substantially
degraded performance. In the double-rove condition, the
variables A and © together do not carry accurate informa-
tion; the probability of ® conditioned on A is broad (i.e.,
each value of A now corresponds to a range of © values) and
changes in the increment size have only small effects. There-
fore, the ideal observer of A and © together cannot discrimi-
nate between the unincremented and incremented target lev-
els.

In summary, the A and ® dimensions carry information
both individually and jointly about the target level. Introduc-
ing variability into the distractor phase decreases the infor-
mation in ® but does not compromise the information in A.
Introducing variability into the distractor level reduces the
information in A and © individually but does not reduce the
joint information. In order to substantially decrease the per-
formance of the observer of both A and ® together, and
thereby making it advantageous to utilize a secondary per-
ception such as the output of monaural processing channels
(if it is available), variability must be introduced into both
the distractor phase and level (i.e., the double-rove condi-
tion).
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FIG. 5. Probability density functions f@\Lu..—gu for the lateral position variable
© for multiple monaural levels, which are similar to the plots in Fig. 4. In
the no-distractor condition, ® is infinite and is not shown. Panels (A)—(D)
therefore correspond to the fixed, roving-phase, roving-level, and double-
rove conditions, respectively.

C. Model predictions

The A alone, ® alone, and A and ® together ideal-
observer models can be used to make predictions of both
thresholds and psychometric functions. The predicted thresh-
olds for the three models are included along with the mea-
sured thresholds in Fig. 1. The predicted psychometric func-
tions for the five different distractor conditions are shown in
Fig. 7 along with the average empirical psychometric func-
tions for the subjects. We consider the predicted thresholds
of the ideal observer of © alone first, which is followed by
the ideal observer of A alone and then the ideal observer of
A and O together. Finally, we consider the predicted psycho-
metric functions for all three models.

The ideal observer of ® alone performs best in the fixed
condition with a threshold of g (assumed here to be
0.5 dB). The ideal observer of ® alone never obtains thresh-
old performance in the no-distractor condition since © is
equal to minus infinity in this case independent of the target
level. This is consistent with the position providing no infor-
mation about the target level in monotic conditions. In the
roving-phase, roving-level, and double-rove conditions, the
thresholds are 16.9, 12.8, and 16.9 dB, respectively. The ©
alone model is not a good predictor of performance in both
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FIG. 6. Contours that enclose the region for which f, ALy is greater than
0.0001. Note that within these regions, f,\_(.)‘nge‘ is not uniform. Panels (A)
and (B) correspond to the roving-level and double-rove conditions, respec-
tively. As in Figs. 4 and 5, five different values of AL are shown. The five
different values of AL are 0 dB (thick solid), 2 dB (dot dash), 4 dB (thin
solid), 8 dB (dashed), and 16 dB (dotted).

the no-distractor condition and the roving-phase condition.
In all but the fixed condition, there is insufficient information
in O to predict the measured thresholds. Although the per-
ceived lateralization of the stimulus may be influencing the
subjects’ decisions, the ® alone model is clearly an exceed-
ingly poor predictor of the measured discrimination thresh-
olds.

The ideal observer of A alone performs best in the no-
distractor condition with a threshold equal to o, (assumed
here to be 0.5 dB). In both the fixed and roving-phase con-
ditions, the predicted thresholds are 0.9 dB; the predicted
performance is slightly worse due to the added energy of the
distractor. In both the roving-level and double-rove condi-
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FIG. 7. Predicted psychometric functions for the five conditions for the ideal
observer of A alone (dashed), ® alone (dotted), and A and O together
(solid). Also shown is the across-subject average fitted psychometric func-
tion (dot dash). Panels (A)—(E) correspond to the no-distractor, fixed,
roving-phase, roving-level, and double-rove conditions, respectively.

tions, the predicted thresholds are 13.7 dB and are predomi-
nately determined by the range of the level rove. For all the
conditions, the predicted thresholds are in general agreement
with the measured thresholds. The empirical fact that roving
the level (with or without roving the phase) causes such a
large elevation in the measured thresholds suggests that the
subjects heavily relied on the overall loudness for some of
their decisions. Although the A alone model is a better pre-
dictor of performance than the © alone model, it is important
to note that the predictions in the roving-level and double-
rove conditions are significantly worse than the measured
thresholds. This means that the subjects could not have been
basing their decisions solely on A.

The ideal observer of A and ©® together performs best in
the fixed condition with a threshold of 0.3 dB since the two
internal noises N, and Ng are statistically independent. In
the no-distractor condition, the threshold is 0.5 dB. In the
roving-phase, roving-level, and double-rove conditions, the
thresholds were, respectively, 0.9, 0.5, and 4.8 dB. For the A
and O together model (unlike the ® alone and A alone mod-
els), the predicted thresholds are seen to be less than or equal
to the average measured thresholds in all of the conditions.
In other words, there is enough information in A and © taken
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together to perform as well or better than the subjects. How-
ever, as indicated by the predicted threshold being substan-
tially lower than the measured thresholds in the fixed and
roving-level conditions, the subjects are failing to make use
of all the available information.

Figure 7 shows the predicted psychometric functions of
the ideal observer of A alone (dashed), ® alone (dotted), and
A and O together (solid), along with the average empirical
psychometric functions (dash dot) for the subjects. The dif-
ferences among the psychometric functions predicted by the
three models in the five conditions are indicative of changes
in the information carried by A and ® across the conditions.
By comparing the model predictions and the empirical data
over the whole range of AL (not only at the threshold), ad-
ditional discrepancies between the predictions and empirical
data become evident. Some of the theoretical psychometric
functions differ from the empirical ones not only in the po-
sition on the abscissa (i.e., threshold) but also in shape.

V. DISCUSSION

It is clear from the results shown in Fig. 1 that the ability
to discriminate the level of a monaural target can be severely
degraded by the introduction of a contra-aural distractor.
This contra-aural interference cannot be predicted by a
model that includes monaural processing channels, which by
definition are unaffected by stimulation of the other ear. In
the models evaluated in this study, the measured perfor-
mance is not predicted by the model based on lateral posi-
tion; however, both models based on overall loudness and on
loudness and position together show some promise in pre-
dicting the measured effects.

Although the A alone model reasonably predicts much
of the data, there are fundamental problems. The main prob-
lem with this model occurs in the roving-level and double-
rove conditions, where the subjects are seen to do modestly
(but significantly) better than the model. Although the devia-
tions between the model and data for these conditions are not
large, they cannot be eliminated simply by decreasing the
internal noise parameter. Even if all the internal noise were
eliminated, the predicted performance in the double-rove
condition would still be worse than that achieved by the
subjects. Within the context of our models, this in turn im-
plies that the subjects’ decisions cannot be based solely on A
but that ® must also be considered.

The A and O together model predictions are reasonably
consistent with the data in the no-distractor, roving-phase,
and double-rove conditions (although the predictions are
slightly lower than the average data in all three of these
conditions). However, for the fixed condition, the prediction
is substantially too low, and for the roving-level condition, it
is monstrously too low. Thus, although it appears (as dis-
cussed above) that the subjects must be making some use of
O as well as A, it is clear that their ability to use both
together is clearly suboptimal. It seems unlikely that the less-
than-optimum performance can be simply explained by as-
suming a degradation (i.e., increased internal noise) in per-
formance caused by the need to simultaneously estimate two
variables and the resulting problem of divided attention (e.g.,
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Bonnel and Hafter, 1988). Rather, consistent with Fig. 6, it
appears that to obtain a good performance in the roving-level
condition requires the observer of both A and O to precisely
combine the two observations. Therefore, in order to accu-
rately predict the psychophysical results, the modeled ob-
server must be modified such that it cannot precisely com-
bine two observations.

The A and O together model assumes that the contra-
aural interference arises because the subjects do not have
access to the output of monaural processing channels. In the
next paragraphs, several alternative hypotheses for the causes
of poor performance are discussed and rejected. Specifically,
we consider the effects of acoustic cross talk, subject confu-
sion, and inadequate training.

The measured contra-aural interference could occur be-
cause the distractor corrupts the inputs to the monaural pro-
cessing channels. Specifically, that acoustic cross talk results
in the level at the target ear being influenced by the distrac-
tor. The effects of cross talk can be approximated by assum-
ing that an attenuated and delayed version of the distractor is
added (in units of pressure) to the target. Since the amplitude
of the sum of two identical-frequency sinusoids depends on
both the relative levels and phases, the level of the corrupted
target is variable in the roving-phase, roving-level, and
double-rove conditions. To limit the performance of the ideal
observer, which is degraded only by the cross talk, to the
empirically measured threshold in the double-rove condition,
the amount of attenuation across the head would need to be
less than 15 dB (substantially less than the typically assumed
40 dB).

It is also unlikely that the measured contra-aural inter-
ference is simply a result of the subjects being confused. The
measured thresholds in the no-distractor condition agree with
previous measures of monotic level discrimination thresh-
olds (Viemeister, 1988). The thresholds in the fixed condition
are similar to ILD discrimination thresholds, where the ILD
is imposed by incrementing the level at one ear and decre-
menting the level at the other ear (Blauert, 1997). Addition-
ally, if the subjects were confused, then introducing across-
presentation variability to the distractor should degrade
performance, but roving the distractor phase (i.e., perceived
lateral position) did not substantially increase the thresholds
of the subjects. Performance was only degraded by introduc-
ing across-presentation variability to the distractor level.
However, introducing across-presentation variability to the
overall level has little effect on spectral profile analysis
(Green, 1988) or ILD discrimination (Bernstein, 2004). It
seems that in the current task, performance is only degraded
when the across-presentation distractor variability affects the
information about the target level in both the overall loud-
ness and the lateral position.

Finally, it also seems unlikely that subjects have been
simply inadequately trained. The testing scheme that was
employed in these experiments (the 41-2AFC paradigm with
trial-by-trial correct-answer feedback) is known to provide
rapid learning and good performance in situations that may
be confusing or difficult to learn (Trahiotis, 1992). Consis-
tent with this established property of the testing scheme is
that despite large differences in the relevant previous expe-
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rience of the subjects (e.g., S1 was the first author of this
article while S3 and S4 were naive), the measured discrimi-
nation performance did not appreciably vary across the sub-
jects. Further, all our measured psychometric functions ap-
pear smooth and monotonically increasing with AL. Thus,
the measured increases in the threshold due to the inclusion
of the distractor are unlikely to be caused by artifacts asso-
ciated with the adaptive procedure or by major perceptual
changes as AL is varied. Rather, it seems likely that the
contra-aural interference occurs because the subjects do not
have access to the output of monaural processing channels.

VI. CONCLUDING REMARKS

The results of the experiments presented here strongly
support the idea that when judging changes in the level of a
target presented at one ear, listeners are unable to ignore a
contra-aural distractor. Therefore, models in which it is as-
sumed that the listener has access to monaural processing
channels (either directly or through secondary perceptual at-
tributes such as the time image or spatial width combined
with the overall level) cannot be successfully applied to this
experiment. Specifically, listeners’ thresholds were increased
by an order of magnitude (relative to the measured monaural
performance) in some conditions for our 600 Hz stimuli. In
general, subjects perceived a single compact image and re-
ported that they used the loudness and the lateral position of
this image for many of their judgments. A model based on
the joint use of decision variables that correspond to the
loudness and the lateral position of the primary image was
consistent with many of the results, although performance in
some conditions was notably poorer than that predicted when
the internal noise was chosen to be consistent with the typi-
cal discrimination threshold for ITD and overall level. It is
speculated that, although both the loudness and the lateral
position can be used, there are difficulties in simultaneously
using both for refined decisions. Furthermore, when a wider
set of experiments is considered, it becomes clear that a
model that only includes the loudness and the lateral position
is not complete and that additional decision variables are
needed to match the observed performance in other experi-
ments. Overall, one can conclude that an adequate theory
will likely involve degraded processing of the loudness and
lateral position variables, the inclusion of further binaural
decision variables, and the exclusion (at least in some con-
ditions) of access to monaural channels.
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APPENDIX A

In this appendix, a general expression for the probability
of a correct response in a 4I-2AFC task is calculated for
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three observers in the {A,®} space, where A and © are de-
fined by Egs. (2) and (3) in the text. Three models are con-
sidered: the ideal observer of A and ® together, the ideal
observer of A alone, and the ideal observer of ® alone. The
task requires the observer to discriminate the level of the
target, Ly On a given interval, the target is either unin-
cremented, such that L. is equal to L, (the reference
level), or the target is incremented, such that L, is equal to
the sum of L, and AL. To calculate performance we note the
following: (1) on each interval, there is a single observation
of both A and O and (2) on a single trial, there are eight total
observations (four of A and four of ®). Due to the experi-
mental paradigm, the observations in the first and last inter-
vals carry no information for the ideal observers,1 and there-
fore, only four observed values (two pairs) are relevant. The
observation of A on the second interval is denoted \,; the
observation of A on the third interval is denoted ;. Simi-
larly, the observation of ® on the second interval is denoted
0, and that on the third interval is denoted 6;. The ideal
observer of A and O together is considered first since the
performance of the ideal observers of A alone and ® alone
follow from the ideal observer of A and ® together.

The ideal observer of both A and ® depends on two
four-dimensional joint probability functions. The first is the
probability densities of N,, A3, #,, and 65 given that an in-
crement with size AL occurred on the second interval; the
second is the probability density of N,, N3, 6,, and 65 given
that an increment with size AL occurred on the third interval.
These four-dimensional joint probability functions can be
written as the product of two two-dimensional joint probabil-
ity functions by noting that when the interval in which the
increment occurred is given, the observation of \, is inde-
pendent of A5 and the observation of 6, is independent of 6;.
Since there are two intervals in which the target level can be
incremented, there are four relevant two-dimensional prob-
ability density functions.

1
Pcorrect(AL) = 5 f J J f [l;bA,()\Z’ 62’)\3» GS’AL)fA,®|LIargct()\2a 02|L0)fA,‘L

1
+Effff[(1—%,®(7\z, 027)\35GS,AL))fA,G)\Lmrget()\z,02|L0+AL)fA,G)\L

Thus, for the optimum decision rule, the probability of a
correct response depends only on the joint probability den-
sity function of A and © given Ly, since the indicator
function is also defined in terms of this density function. This
joint probability density function f AO|L e is approximated
with numerical methods and the details of this approximation
are contained in Appendix B. The probability of a correct
response for the ideal observers of A alone or of ® alone is
calculated in an analogous manner and the derivation is not
presented.
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The relevant two-dimensional joint probabilities are the
probability of the observed values of A and 6 on a particular
interval given a target level. The log-likelihood ratio 7, ¢ is
defined in terms of these probabilities as

77[\,@()\2, 625 )\3’ 03$ AL)

SaolL

target

(N2, 05|Lo)fr 0L, (N3. 05|Lo + AL) )

=101log
‘°< (Ao OolLo+ AL)fy o (A3, 65]Lo)

fA’ 0 |Ltarget target

The notation in this equation is designed to distinguish the
identity of the functions from the values and variable in the
arguments. Thus, the subscripts on 7, @ identify that this
likelihood ratio applies to the case when both variables are
available and it has five arguments.

The ideal observer is represented by a binary indicator
function ¢, g, which is calculated from the likelihood ratio.
Specifically, when the a priori probabilities of each interval
are equal and when the goal is to maximize the probability of
a correct response, the optimum decision is determined by
the sign of the log-likelihood ratio 7, ¢: when 7, ¢ is posi-
tive, the second interval is most likely to have the incre-
mented target and that is the optimum decision. When 7, ¢
is negative, the third interval is more likely to have the in-
cremented target and that is the optimum decision. This de-
cision rule can be represented by the binary indicator ¢, g,
which is equal to unity when the optimum decision is the
second interval and zero otherwise. Mathematically, the in-
dicator function is

l/,A,@)()\Zs 02’ )\3, 03’AL)
1 when 77/\,@()\25 02’)\39 039AL) =0
- 0 when 7]/\,()\2’ 02,)\:% 03’AL) <0 ’

Then, the probability that the ideal observer of both A and ®
achieves the correct answer is a function of AL and can be
written as

(N3, 65)Lo + AL)]d 6,dNd 65dN5

target

(N3, 05|Lo) 1d OrdNrd B3\ 5.

target

APPENDIX B

In this appendix, analytical and numerical techniques are
used to approximate the joint density function of A and 0, as
defined in Egs. (2) and (3), for a target level L. As out-
lined in Appendix A, knowledge of the joint density allows
the calculation of the probability of a correct response in our
experiment. This appendix derives a relatively simple ex-
pression that can be evaluated using standard numerical
functions and techniques. Before the details of the derivation
of fa e Ligpger 1€ outlined, the model variables are related to
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the experimental variables. Specifically, the values that are
appropriate for the psychophysical experiment are substi-
tuted into Egs. (2) and (3). All levels are in decibels. In the
experiment, Ly is always the level of the target L, and
Lyigne 1s the level of the distractor. The level of the target is
the sum of a reference level L and an increment AL, such
that Ljeq=Lygreee=Lo+ AL, where AL is zero when the target is
not incremented. The distractor has a level that is equal to the
reference level plus a random variable A; the level of the
right ear can, therefore, be written as Ly, =Ly+A. The in-
teraural time difference 7 is the phase delay, which is defined
as the negative of the distractor phase (also a random vari-
able) divided by the radian frequency w (i.e., T=—®/w). The
psychophysical experiment specifies that A has a uniform
probability density function between a,,;, and a,,,.. The ex-
periment also specifies that @ has a uniform probability den-
sity function between ¢, and ¢,,,,. Using this notation,
when the distractor level is roved, a,,;,=0 and a,,=30, and
when the distractor level is fixed, @, =dn.x=0. Similarly,
when the distractor phase is roved, ¢pi,=—7/2 and ¢,
=m/2, and when the distractor phase is fixed, @yin=Pmax
=0. Making these substitutions into Egs. (2) and (3) results
in

A =10 log;o(10Mareed 10 4 10010y 4 N7 (B1)

and

k
O = Ligrger — (Lo +A) - ;(1) + Ng. (B2)
Our derivation of f, gz begins by using the defini-
. .. o target .. .
tion of conditional probability to expand the joint density
function to

(\Lo+AL)fojar . (6IN,Lo+AL).

target

fael, . =FAL

target target

Then, by using the fact that fg| ALyyger €A1 be obtained by
integrating fo 4 oA Lisvee OVET all values of a and ¢ represent-
: APIAL g )

ing the values of the variables A and @, one obtains

= FAlL g M Lo + AL)

X J J [f@)‘A,‘D,Atharget(a

(a,p|\,Ly+ AL)]ldpda.

target

frel

target

a, .\, Lo+ AL)
Xfad|AL

Making a substitution of ® based on Eq. (B2) and using the
definition of conditional probability yields

k
FNOIL g = Lo MEo + AL) f ffN®(;¢ - M@(G))

target

(a.¢

target

XfA,(IJ‘A,L )\,LO + AL)d¢da,
where ug(a) is equal to AL—a— 6. Using the definition of
conditional probability for f4 g|a and then noting the

target
independence of ® and A, A, and Ltige[ gives
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k
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target

XIAIN Lo @IN Lo+ AL) fo(p)d dda.

By using the definition of conditional probability on
Sal ALgrger noting the statistical independence of f, Larget and
Liyrgers and simplifying, one obtains

SaelL a,Ly+AL)

target target

=ffA(a)fAA,L (A

k
Xff(b(d’)fN@(;(f)— /.L@)(Cl))d(ﬁda.

By making use of the uniform probability density functions
of the random variables A and D, f, g Liggger €31 be rewritten
as

Amax

fA\A,L[arge[()\

TAOIL e = a,Ly+AL)

Amin

Prax k
X f fN(_)(—¢—u@(a))d¢da,
d’min w

where ¢ is equal t0 1/(anax— Amin) (Pmax — Prmin) -
From Eq. (B1) it follows that

fA|A,L =fNA()\ ~-10 loglo(lO(L0+AL)/10 + 10(L0+a)/10)).

target

Making substitutions for the density functions of N, and Ng
yields

“max
fael, .. = ;f o~ (= up(@)?20%)

‘target 27TU®O'A

Amin
Pmax ( Ikpg(a)/2(wlkog)?

X (- kel kT  dghda,  (B3)
¢min

where u,(a) is the conditional expected value of A given
that A is equal to a, which is equal to 10 log;,(10o+AL/10
+ 10(L0+u)/10)'

Further analytical manipulations of f, AOILy, do not ap-
pear to reduce the complexity of the solution, but ) Liyroer
as represented by Eq. (B3) above can be numerically apg)—
proximated. The first step of the numerical implementation is
to approximate the definite integral over A through a finite
summation. Let us denote a[n] as a sampled version of the
continuous random variable A. Further, let a[1] equal a;,
and a[N] equal a,,. The probability density function
a0l Lgpger €0 then be numerically approximated as

1

areet N(d)max - (;bmin)zﬂ-a-ﬁ)o'j\
N
XS (= ralaln))203)

n=1

FaelL

d’max 2 2
X e (d- (w/k) uglaln])12(wik)og) do.

(/’min

Note that the integral of the exponential function can be
represented as the error function so that the whole expression
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is easily numerically evaluated. One should note that in the
limit when @, — A min=0 Or Pax— Pmin=0, one cannot sim-
ply evaluate this expression at zero but must rather evaluate
the expression in the limit as the difference approaches zero.

1Although the first and last intervals convey no information for the ideal
observer, these intervals may aid the nonideal subjects.
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